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A theoretical model is developed for the time evolution of volume particle size 
distributions ( PSDs) of polymer colloids during the nucleation stage. Analytic 
expressions for the PSD and related cumulants are presented, Negatively skewed 
distributions are observed only when the formation rate of mature latex particles is 
a monotonically decreasing function of time. When this model is tested against 
experimental PSD data of styrene polymerization at 5O”C, agreement between theory 
and experiment is found only assuming a monotonically decreasing nucleation rate. 
The fitting is completely missed when the production rate of mature latex particles 
is predicted according to the coagulative nucleation scheme. Theory and experiment 
can combine introducing an extended coagulative nucleation model, According to 
this approach, the nucleation time is much shorter than predicted by earlier theories. 
As a consequence, most of the mechanistic information convoluted with early-time 
PSDs is lost. 

Introduction 
Emulsion polymerization is one of the most important proc- 

esses for manufacturing synthetic polymers today. The meth- 
odology leads to the formation of polymer latexes, sometimes 
referred to as “polymer colloids.’’ Only a relatively small num- 
ber of components are required for the reaction. In spite of 
this apparent simplicity, however, these systems are highly 
complex involving many chemical and physical processes in as 
many as three separate phases: the continuous water phase, 
the polymer particles swollen with monomers, and the mon- 
omer droplets. For ab initio batch and/or semibatch processes, 
one of the most complex problems is to understand and de- 
scribe in detail the mechanisms involved in the birth and growth 
of latex particles. Many difficulties encountered in modeling 
the so-called Smith-Ewart (SE) Interval I stem not only from 
the heterogeneous nature of the system, but also from the 
intimate coupling to particle growth processes at the very be- 
ginning of the reaction. Because mechanistic information is 
not directly available, it has to be extracted by indirect means. 
While this aspect constitutes one of the major sources of un- 
certainty and controversy among researchers, it also represents 
a challenge in polymer reaction engineering. The complexity 
of the system, certainly, requires the use of a suitable meth- 
odological approach, primarily a strong physical insight into 
the nature of the process that should precede any further at- 
tempt to extract information. Nevertheless, to date, a number 

of different, mutually exclusive mechanisms have been pro- 
posed for latex particle formation, including the entry of free 
radicals into micelles (Harkins, 1947; Smith and Ewart, 1948) 
and the homogeneous nucleation of oligomeric growing rad- 
icals in the aqueous phase (Priest, 1952; Dunn and Chong, 
1970; Fitch and Tsai, 1971; Hansen and Ugelstad, 1978). As 
pointed out by Australian researchers (Lichti et al., 1983; Fee- 
ney et al., 1984, 1987a; Napper and Gilbert, 1988, 1990; Casey 
et al., 1990), in spite of their popularity, both of these two 
theories were not substantiated by any unambiguous experi- 
mental evidence. In this light, the same research group (here- 
after referred to as the Sydney group) proposed an alternative 
nucleation scheme, the coagulative nucleation (CN) theory 
(Feeney et al., 1984, 1987a). According to this multistep mech- 
anism, colloidally unstable “primary” latex particles are 
formed by homogeneous nucleation. These first-formed “pre- 
cursor” particles undergo growth mainly by coagulation to 
form “secondary” precursors of varying coagulation degrees 
up to a critical level beyond which colloidal stability is reached. 
The so-formed “mature,” colloidally stable latex particles grow 
then by conversion of monomer to polymer. If operative CN 
should give rise to a production rate of mature latex particles 
(denoted by dNJdt),  it becomes an increasing function of time 
for much of the nucleation period. Conversely, for any single- 
step nucleation mechanism, like micellar entry and homoge- 
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Figure 1. Representative rates of particle formation and 
their effects on the skewness of resulting PSD: 
a) coagulative nucleation and b) micellar entry. 

neous nucleation, dN,/dt might reasonably be expected to be 
a monotonically decreasing function of time. These opposite 
behaviors led to the idea that the full-volume particle size 
distribution (PSD) of the latex, immediately after the cessation 
of particle formation, should provide a more sensitive test for 
establishing the operative nucleation mechanism in emulsion 
polymerizations (Napper and Gilbert, 1990). According to this 
view, any single-step mechanism, like micellar entry, results 
in a negatively skewed plot of the particle volume distribution, 
whereas CN predicts a positive skewness (see Figure 1). Ex- 
perimental PSD data at the end of the SE Interval I from 
persulfate-initiated emulsion polymerizations using anionic 
surfactants at concentrations well above CMC (Feeney et al., 
1987a, 1987b) were used to support the hypothesis that CN 
could be operative even in the presence of surfactant micelles. 
Although other phenomena, like periodic nucleation in un- 
stirred styrene emulsion polymerizations (Feeney et al., 1985) 
or catalyzed agglomeration during particle nucleation (Schlue- 
ter, 1990), agree with a multistep mechanism of particle for- 
mation, positively skewed PSDs in the early stage of the reaction 
have been claimed as one of the most compelling evidence for 
CN . 
In spite of the excellent work of the Sydney Group, there 

are in our opinion some caveat as to whether the interpretation 
of the experimental data really suggests CN as providing the 
best available qualitative and quantitative description of nu- 
cleation. These are: 

The shape of the PSD at the end of the SE Interval I was 
simulated by means of the “zero-one” approximation (Feeney 
et al., 1984; Napper and Gilbert, 1988). While this simplifi- 
cation has been demonstrated to be accurate enough for de- 
scribing the kinetic behavior of systems having a low average 
number of radicals per particle (sic 1/2), there is no serious 
analysis as to whether the same approximation could be applied 
for the description of the time evolution of PSDs as well. 

The robustness of the criterion of positively and/or neg- 

atively skewed PSDs at the end of the SE Interval 1 for dis- 
criminating between a single- and multistep nucleation 
mechanism was not properly addressed due to the lack of 
analytic relationships between the main operating conditions 
and the time evolution of PSDs in Interval I. 
The main objective of this work is to overcome these limitations 
and to perform a critical quantitative study of PSDs of polymer 
colloids during the particle nucleation stage. In this regard, 
we have recently published a new methodology (Giannetti, 
1990) for a comprehensive description of the time evolution 
of PSDs in the SE Interval 11, that is, when the overall number 
of mature latex particles per unit volume, N,, remains con- 
stant. This new theory is based on an appropriate combination 
of the Laplace and the generating function transform applied 
to the constitutive SE population balance equations. Here, we 
will refer to this model as the generating function (GF) ap- 
proach. The results obtained represent a substantial improve- 
ment vs. the zero-one model in that i) latex particles having 
more than one growing radical are properly taken into account 
and ii) general expressions for the time evolution of the cu- 
mulants of the PSD are easily available. Moreover, the number 
density distribution of particles of volume v at time t, n,, ( v , t )  
(subscript I1 refers to the SE lnterval 11), is given in terms of 
a simple convolution integral. 

We have now discovered that, with some approximations, 
the same approach can be easily extended to the nucleation 
stage of emulsion polymerization. The final results provide 
analytic expressions for both the number density distribution 
of latex particles, n, ( u , t )  (subscript I refers to the SE Interval 
I), and the cumulants of the PSDs. These two theoretical tools 
are essential for i) extracting mechanistic information from 
experimental PSDs data and ii) evaluating the sensitivity of 
the experimental data vs. the operating conditions (initiator 
and surfactant concentrations, nucleation time, and so on), in 
relation to the proposed nucleation mechanism. Most (if not 
all) of the results reported in this article are obtained mainly 
on the grounds of very simple physical reasonings that always 
precede any further mathematical modeling. Accordingly, for 
the better understanding of the concepts developed hereafter, 
in the next section we will critically compare the GF with the 
zero-one approach. For simplicity, the analysis is restricted to 
the SE Interval 11. Nevertheless, the results are quite general 
and can be applied to any interval of emulsion polymerization. 

Subsequently, we will show how theories developed for In- 
terval I1 can be extended to the nucleation stage. The ap- 
proximations needed for this extension are critically discussed. 
The theoretical results will be then tested against experimentally 
available PSD data of styrene polymerization (Lichti et al., 
1983). If CN theory is applied in its original formulation (Fee- 
ney et al., 1984), the agreement with experimental data is 
completely missed. On the contrary, experimental and theo- 
retical results can combine assuming that the operative nu- 
cleation mechanism incorporates both CN and micellar entry. 
This extended nucleation mechanism has already been sug- 
gested by the Sydney Group (Gilbert et al., 1991), although 
no further details about its implementation have been reported. 
Even though the formulation of an alternative particle for- 
mation mechanism represents an ancillary problem to the main 
focus of this article, we will highlight the fact that the problem 
of particle birth in emulsion polymerization is anything but a 
consolidated problem. 
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Generating Function vs. Zero-One Approach 
According to Lichti et al. (1982), in an emulsion polymer- 

ization the time evolution of the particle size distribution, 
n ( u , t ) ,  is given by the following matrix equation: 

a 
at a0 

-- n(’’ t )  - 62 n (  u,t) -- [ ( u , t ) ]  + K  n(  u, t ) ]  + c (  u,t) (1) 

Here, n ( u , t )  is a vector with elements ni(u,r)  which are the 
relative number densities of latex particles containing iradicals, 
62 is a square matrix whose elements ij describe the kinetic 
coupling between n, and nj, K is a diagonal matrix whose 
nonzero elements Kii(u, t )  give the volume growth rate of a 
particle containing i radicals, and c ( u , t )  is a vector whose 
elements ci ( u , t )  give the creation rate of new latex particles 
containing i radicals at volume u. One common assumption 
regarding Kii is that Kii = iK where K is the volume growth 
rate of a particle containing one free radical. Equation 1 is the 
finite difference form of more general population balance 
equations common to many engineering problems, describing 
the time evolution of dispersed multiphase systems, where the 
dispersed-phase particles continually forego their individual 
identities through the processes of particle agglomeration and 
break-up (Ramkrishna, 1985). By dropping the source term 
c (  u , t ) ,  we are restricted to SE Interval 11. For systems having 
a low average number of radicals per particle (Z<O.5) analytic 
solutions are readily available on the grounds of the so-called 
instantaneous approximation (zero-one approach). According 
to this simplification, the behavior of the system is adequately 
described by only two differential equations out of the whole 
infinite set represented by the matrix equation (Eq. 1). Since 
no particle contains more than one growing radical and entry 
into a particle containing a growing chain causes instantaneous 
termination (Lichti et al., 1981), we have: 

an I an I 

at au 
-= pno - qn, - K - 

where q = p + k, and p and k are the rate constants for radical 
entry and exit, respectively. 

In the GF approach (Giannetti, 1990) latex particles having 
any number of growing radicals are considered simultaneously. 
The methodology lends itself to the description of reacting 
systems having either high @>0.5) or low (Ti<0.5) average 
number of radicals per particle. In the latter case a pseudo- 
exit rate constant k* = (k+ 2p) must be introduced. Analytic 
expressions for n, , (u, t )  are obtained by integration of Eqs. 2a 
and 2b in the zero-one approximation and by solving an as- 
sociated “wave equation” in the GF model. In both cases, it 
is assumed that the rate coefficients for radical entry and exit 
remain constant over the integration interval. Alternatively, 
p, k, and K should be considered suitable averages of the true 
values over u and t .  

While the zero-one approximation is certainly accurate 
enough to describe the kinetic behavior of a number of reacting 
systems, like styrene, one must ask whether the same approx- 
imation can be applied also to the description of other relevant 

distributions like PSDs. In emulsion polymerization, a com- 
mon misinterpretation is the assumption of a substantial equiv- 
alence between the kinetics and the time evolution of the PSD. 
Probably this distortion is nourished by the simple relationship 
between Zs (the average number of radicals at stationary state) 
and the variation rate of the mean volume of the latex particles, 
PI: 

dP1 - = Kiiss dt (3) 

A more careful analysis shows that this equivalence is apparent 
and related to simple mass balance and geometric constraints 
only. 

For a better comparison between the zero-one and the GF 
approach, it is worth focusing, without any loss of generality, 
on the time evolution of a monodispersed latex of volume V 
[the associated volume PSD is the Dirac distribution 6(u- V)]. 
After a certain reaction time t ,  in the zero-one approach it will 
be impossible to find particles having a size larger than 
( V +  K t ) .  This is not very sound physically since the PSD must 
be a continuous function of volume in the range u= V t m .  
Actually, even if the associated probabilities are very small for 
systems with Tis<< 112, states with a number of radicals i> 1 
are populated. While their contribution is negligible when deal- 
ing with the kinetic behavior of the system, this is no longer 
true for the PSD. The truncation of the volume distribution 
of the growing particles is an artifact of the zero-one model 
related to neglecting particles with more than one growing 
chain. This limitation introduces an error which becomes im- 
portant at earlier growth times and which propagates heavily 
when moments (or cumulants) higher than the first one are 
considered. Mathematically the truncation is represented by 
the unit step function U( t -u/K) in the n,, ( u , t )  function derived 
under the zero-one approximation (see Appendix A). 

The limitations involved in the zero-one model are easily 
lifted by the GF theory, since allowance is made also for latex 
particles having more than one growing radical. In principle, 
this approach should give physically correct answers to the 
problem. Some limitations still exist and are related to the 
initial boundary conditions. Simple analytic solutions are 
achievable only for seeded reactions or for a system whose 
distribution of radical occupancy is at stationary state at t = 0. 
This last condition, however, can be adopted for the extension 
to SE Interval I without introducing serious errors. 

For SE Interval 11, some theoretical plotted predictions from 
the two approaches are reported in Figure 2. Both n( u,t) and 
the rate constants are in arbitrary units. The model system has 
a centered delta Dirac function, 6 ( u ) ,  as the initial PSD, and 
its radical distribution is at stationary state. In this example, 
we set p = k =  K = 1. For both approaches, we have: ZSs= p/  
(2p + k) = 0.33. In the zero-one approximation, however, only 
two states are allowed, whereas the GF model comprises an 
infinite number of states with a Poissonian distribution (Black- 
ley, 1982): 

(4) 

In Figure 2, the relative amounts of the initial PSDs not yet 
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Figure 2. Theoretical PSDs in the Smith-Ewart Interval 
11. 

relaxed at reaction time t are graphically represented by the 
cross-hatched and empty bars. Their heights are proportional 
to the area of the unrelaxed monodispersed PSD. The nor- 
malized distributions from the two approaches differ consid- 
erably, especially at earlier growth times. In this region, the 
artifact of the PSD truncation distinctive of the zero-one model 
becomes evident. The difference tends to level off as the growth 
time increases. 

Often, rather than the full PSD, some moments or some 
particular combinations thereof are needed. While this is im- 
possible for the zero-one model, in the GF approach a simple 
relationship for the time evolution of the rth cumulant, k , ( t ) ,  
is available: 

Ak, ( t )  = r! (Z&/p)'pt ( 5 )  

where Akr ( t )  = k, ( t )  - kr(0). Numeric evaluations show that 

9 
I 
d 
W 

1.5 

2 * 0.5 

n 

0-1 Model - - - - - - - - - - -  M GF Model 

"0 2 4 6 8 10 
Time 

Figure 3. Theoretical time evolution of the skewness of 
PSD in the Smith-Ewari Interval 11. 

also in the zero-one model the cumulants of the PSD grow 
linearly with time. As expected, the mean is always the same 
regardless of the model adopted. On the contrary, both the 
variance and the skewness increase faster with the GF approach 
than with the zero-one model. The physical reason for this 
behavior is the allowance made for latex particles having more 
than one growing radical. Even if it is negligible, this popu- 
lation grows faster and accounts for n ( u , t )  at larger u values. 
Figure 3 shows the time evolution of the skewness, k, ( t ) ,  of 
the model system adopted for Figure 2. The difference between 
the two models is not negligible. As a general rule, when K is 
held constant for any k, ( t )  ( r >  l), the lower Zss the smaller 
is the difference. 

Extension to SE Interval I 
In principle, the PSDs of polymer colloids in Interval I could 

be obtained from Eq. 1. However, when c is nonzero, detailed 
analytic solutions are not available without a number of ap- 
proximations. These are: 

i) All the rate coefficients p ,  k, and K are assumed to be 
independent of time and volume. Accordingly, under this as- 
sumption, kinetic data obtained from PSD are always averages 
of the true values over u and t. It must be noted here that this 
is certainly the most critical approximation: the longer the 
nucleation time, the cruder the assumption will be. 

ii) During nucleation, the dNc population of latex particles 
formed in the time interval dt is always at equilibrium with 
respect to its radical state occupancy. Justifications for this 
conjecture might be twofold: a) Ti is always << 112 due to the 
relatively rapid exit of monomeric radicals created by chain 
transfer to monomer; b) in the case of coagulative nucleation, 
since precursor particles grow very slowly by propagation, 
coagulation becomes rapid enough for the distribution of free 
radicals to remain close to its pseudo-steady-state value. 

iii) The source term c (  u , t )  of the population balance equa- 
tion is of the form: 

In Eq. 6, g( t )  is the normalized rate of formation of colloidally 
stable latex particles, defined as: 

(7) 

where Nc(t  = 00) represents the stationary number concentra- 
tion of mature latex particles per unit volume. no( u )  is a vector 
whose elements np ( t )  are the relative number densities of newly 
formed latex particles dNc( t )  containing i growing radicals. 
Physically, the last assumption means that newly formed par- 
ticles dN,( t )  have the same PSD throughout all the nucleation 
period. This simplification seems quite acceptable as long as 
the dNc( t )  particles are created at volumes reasonably small 
(Feeney et al., 1984). It is worth pointing out that, according 
to Eq. 6, all the mechanistic information is sensitive to the 
rate of particle formation, but not to the shape of the initial 
volume distribution. 

Under the above reported approximations, the extension to 
Interval I of existing theories of PSDs in Interval I1 becomes 
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straightforward. To this end, let us focus on a particularly 
tagged population of particles dNc(7) formed at time 0 < 7< t. 
In the absence of agglomeration processes, these particles never 
lose their own identities. Growth will be mainly by conversion 
of monomer to polymer. After a certain nucleation time, t ,  
the contribution dn, (v,t ,7)  of this population to the overall 
PSD at reaction time t will be: 

The overall PSD in Interval I is given by summing up the 
contributions of all the possible dNc(7) populations. This ob- 
jective is achieved through a simple convolution integral: 

Of course, the following relationship must be satisfied: 

Physically, Eq. 10 means that the area underneath n, ( v , t )  is 
equal to the number fraction of mature latex particles at time 
t. At the end of the nucleation time, t = T, the PSD becomes 
normalized. Equation 9 satisfies a more rigorous approach to 
the problem. Solutions to Eq. 1 are given in terms of the GF 
approach in Appendix B. This methodology allows the for- 
mulation of a more general solution for the "(x,s,t)  generating 
function in SE Interval I: 

t ( x , s , t )  =C"(s)exp - ( x -  1) g(7) [ 2  11: 

where Co(s)  is the Laplace transform of the no( v )  distribution, 
s is the Laplace variable conjugate to v,A = ( k  + s K ) ,  and x is 
a dummy variable associated with the generating function 
transform. The properties and meaning of the " function are 
discussed comprehensively in the original work of Giannetti 
(1990). At the point x =  1, " reduces itself to the Laplace 
transform of n, ( v , t ) :  

Of particular interest is the case of n"(v) conforming to a 
Dirac 6 function. This situation is representative of PSD data 
obtained by electron microscopy at the end of Interval I, where 
the mature latex particles are created at volumes considerably 
less than the smallest particle observed experimentally. In this 
situation, So (s) = 1 so that Laplace transform inversion of Eq. 
12 takes the following simpler analytic form: 

I,[2@/3~7)I'~]+6(u) e-p7d7 (13) 1 
where /3 = k b / K .  Accordingly, under the approximations as- 
sumed in this treatment, it is quite evident that the extraction 
of any mechanistic information from PSDs involves an integral 
deconvolution problem. 

The main success of the simple analysis presented here is 
the ability to obtain relationships between the time evolution 
of the PSD and the normalized production rate of mature latex 
particles where most of the mechanistic information is encap- 
sulated. Single- and/or multistep particle generation mecha- 
nisms can be simulated by simple monotonically decreasing 
and/or increasing nucleation rates or by an appropriate com- 
bination of the two. Once g(  t )  has been specified, n, ( v , t )  can 
be easily obtained from Eq. 13 and the computed PSD com- 
pared against experimental data. 

Skewness of EarlyTime PSDs 
According to Napper and Gilbert (1990), the skewness of 

early-time PSDs provides essential information about the 
mechanism(s) of particle birth. A negative value should imply 
that most particles are formed comparatively late in the nu- 
cleation period and so have not grown very much. Since the 
skewness is related to the third moment of the distribution, it 
seems compelling to work out expressions for the time evo- 
lution of these particular averages of the PSD. While this task 
is not possible with the zero-one model, it becomes straight- 
forward for the GF approach. Actually, in SE Interval I from 
the 9 function, we have: 

In Eq. 14, the integral represents a normalization factor. An- 
other distinctive feature of the GF model is the ability to 
provide directly also the cumulants of the PSD: 

ai 
ad (15) ki ( t )  = (- 1)' - [In"] 

In Eq. 15, the normalization factor is omitted since it never 
enters the final expression of ki ( t ) .  As is well known the first, 
second, and third cumulants are the mean, the variance and 
the skewness of the distribution, respectively. Concerning the 
time evolution of the mean from the combination of Eqs. 11 
and 14 (or 15), we have: 

Equation 16a can be further recast as follows: 
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The integral can be rewritten as Nc*t where N,’ is an averaged 
value over time t. Accordingly, jN,(T)dt/N,(t) is a number 
representing the effective fraction of latex particles up to re- 
action time t. The final equation is formally equal to that 
derived for SE Interval I1 (Giannetti, 1990): 

In principle, from Eq. 15 it is possible to work out relationships 
for any reaction time t with O< t s  T, where T represents the 
end of Interval I. In the sequel, however, we will focus only 
on time T, since i) it is the PSD at the end of lnterval 1 that 
is of interest in deciding which mechanism is operative and ii) 
analytic expressions are comparatively simpler. As discussed 
in the preceding section, for simplicity, the PSD of newly 
formed particles is assumed to conform to a centered 6 Dirac 
distribution. If needed, however, this restriction can be lifted 
making allowance for any distribution. For the time-dependent 
“source” term g ( t )  , we will consider two representative func- 
tional forms which may be proposed for the particle nucleation 
processes. These are, respectively, a monotonically decreasing 
and a monotonically increasing normalized rate of production 
of latex particles: 

(V+ 1) g( t )  =- z”; v r O  T 

where z = t/T (0 < z r 1). The Laplace transforms of the related 
n, (u,t) distributions are: 

C(n,(u,t) = ,F,[v+ 1; v+2; -spT/(s+p)] (Ma) 

C[n,(u,f)=,F,[l; v+2; -spT/(s+p)] (18b) 

where ,F, (a; b; x )  denotes the confluent hypergeometric func- 
tion of variable x with parameters a and 6. For a decreasing 
generation rate of latex particles, at the end of SE Interval I 
the first three cumulants of the PSD are as follows: 

pT v +  1 
k , ( T )  =- - p v+2 

2pT v +  1 3PT k3(T)=-- 

- v(PT)2 ] (19c) 
(v + 2)2(v + 3)(v + 4) 

For an increasing rate of particle formation, we have: 

v(v+ l)(pT)* + (v + 2)2( v + 3)(v + 4) 

The following main results are immediately obvious: 
i) As expected, for v = O  (constant nucleation rate) the two 

sets of equations give the same results. 
ii) At the end of Interval I the values of the cumulants depend 

on the adimensional product pT only. 
iii) Negatively skewed PSDs can be observed only with the 

decreasing production rate of particles. 
Equation 19c agrees with the qualitative reasonings set forth 

by the Sydney Group. Quantitatively, however, it turns out 
that PSDs at the end of Interval I become negatively skewed 
only in a specific region of the adimensional parameter pT. 

(v + 2)(v + 4) [ ( v + 3) “1 (21) 3+  9 + 1 2 ~ -  
pT’ 2v v+4 

For a uniformly decreasing rate of nucleation (V = l), negatively 
skewed PSDs are expected only if pT>55. Now, for a certain 
monomer, the average entry rate constant p in Interval I de- 
pends on the main operating conditions like initiator and sur- 
factant concentrations, ionic strength, and so on. However, p 
and Tare not independent of each other so that the product 
pT can be varied over a limited range only. For example, typical 
values of pT for styrene span from 10-1 up to 10 (Feeney et 
al., 1984). 

Theoretical Predictions 
It is interesting to test the theoretical predictions for PSDs 

in SE Interval I by comparing results from both the zero-one 
and GF model. As the source term beside a simple monoton- 
ically increasing and/or decreasing function as typified by Eqs. 
17a and 17b, we will also use the following triangular function: 

2(1 -‘) T(aT,T,t); z=f /T  22 g ( t )  =- U((YT- t)  +- 
a T  (1 - a ) T  

whereaisamobilepoint(0cas 1); U(aT- t )  and T(aT,T,t) 
are the unit step function and the top hat function, respectively: 

U(aT- t )  = 1, f s a T  

=0, t > a T  

T(aT,T,t) = 1, a T < t s T  

= 0, otherwise. 

Equation 22 is a reasonable approximation for the functional 
form of the source term g ( t )  according to the CN theory 
(Feeney et al., 1984). As an idealized set of kinetic constants, 
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Volume (10 4nm3) volume (104nm3) 

Figure 4. Theoretical PSDs at the end of the nucleation 
interval. 
It assumes uniformly decreasing and a triangular nucleation rate. 

we choose K =  250 nm3 - s- ’, p = s ‘ - I ,  and k = w 3  s - ’. This 
system has a stationary-state average number of radicals 
Ex= 0.48 and is somehow representative of styrene polymer- 
ization. The nucleation time T =  100 s was used, which again 
is a reasonable guess for emulsion polymerization of styrene 
monomer under many practical conditions. Figure 4 shows the 
results of the simulations with the two approaches. The two 
bars represent the newly generated monodispersed particles 
not yet grown by propagation at the end of the nucleation 
time. The heights of the bars are proportional to the number 
fraction of these particles. It is apparent that there is a sub- 
stantial difference between the predictions of the two models. 

In the GF approach, the number fraction of latex particles 
that never experienced radical entry is much higher than that 
of the zero-one model. The number fraction of newly generated 
latex particles, which remained unchanged at the end of In- 
terval I, is given by: 

(1 - Ti,) 1 g ( T - t )exp( - pt ) dt 
0 

in the zero-one approximation, whereas the multiplication fac- 
tor (1 - 5%) is not present according to the GF model. These 
two quantities approach each other in the limit Es<< 0.5. Con- 
cerning the shape of the PSD representing the number fraction 
of the particles that experienced growth, a dramatic difference 
results. In the case of a uniformly decreasing nucleation rate 
(micellar entry) an artifact truncation of the PSD appears with 
the zero-one approach. When the nucleation rate is represented 
by a symmetric triangular function this truncation does not 
appear any longer. This, however, relates only to the shape of 
the g ( t )  function. Actually, latex particles of size KT must 
have grown during all the nucleation period and must have 
been generated at time t = O  where g(O)=O. Figure 5 shows 
some theoretical predictions from the GF approach only. The 
plots are in arbitrary units for a hypothetical system where 
p=1,/3=4 (k=2 ,K=1) ,  andEs=0.25. PSDsarereportedat 
increasing values of pT. When g( t) is held constant, the shape 
of the distribution was found to depend on this product only. 
The result agrees with Eqs. 19 and 20. On the contrary, the 
overall PSD depends strongly on the specific functional form 
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Figure 5. Theoretical PSDs from the GF model. 

of the source term g(  t )  . With a monotonically increasing nu- 
cleation rate, most of the latex particles have comparatively 
small sizes since most of them “appear” quite late and their 
growth time is considerably shorter than T. On the contrary, 
with a monotonically decreasing g ( t )  function an expected 
“bell shaped” PSD results. 

For a uniformly decreasing nucleation rate, Figure 6 reports 
in arbitrary units the value of the third cumulant of the PSD 
at the end of Interval I vs. pT. The curves were evaluated by 
Eq. 19c for the GF approach (0 = 4; v = 1) and numerically (see 
equations in Appendix A) for the zero-one model. In both 
cases, however, negatively skewed PSDs are predicted only for 
relatively high values of pT. This result is not in agreement 
with the findings of the Sydney Group. Specifically, in the CN 
theory n, ( v , t )  was given in terms of a complex equation in- 
volving double convolution integrals (Feeney et al., 1984). 

Comparison with Experimental Data 
Early-time PSD data of styrene polymerization were origi- 

nally used (Feeney et al., 1984) to support CN mechanism. 
The experiment was an ab initio emulsion polymerization at 
50°C. Since the system was not deoxygenated, an induction 
period of 10 min was observed. The PSD of the latex after 10 
min of effective reaction time was positively skewed strongly, 
and good agreement with experimental data was claimed as- 
suming a nucleation rate arising mainly from coagulation of 
primary particles. Aggregation rates were provided from a 
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PT 
Figure 6. Theoretical time evolution of the skewness of 

PSDs in the Smith-Ewart Interval I. 

combination of extended Muller-Smoluckowski kinetics cou- 
pled with DLVO theory. The variation rate of the number 
density concentration of j-fold precursor particles, Y,, and of 
mature particles, Nc, was given as: 

where B,,j are the coagulation coefficients between an i-fold 
and a j-fold flocculated particle, and M is the number of 
coagulated particles in the smallest, colloidally stable flock. 
The rate coefficients for coagulation are specified on the 
grounds of the Muller-Fuchs formulation coupled with DLVO 
theory: 

2 k,T, (1 + r i / r j ) *  B.  .=- - 
'*' 3 9 Wi,j r j /r j  

where kB is Boltzman's constant, T, is the temperature of the 
emulsion, the viscosity of the medium, rj is the radius of the 
particle, and Wi,j is the Fuchs stability ratio. This last quantity 
was expressed as: 

2r.r. r . . = -  
I' ( r i + r j )  

and the values of J and WI1 treated as adjustable parameters. 

Table 1. Parameters for Coagulative Nucleation 

Symbol Value Reference 

c ( t )  = 1 . 8 ~  lou6 particles dm-3 This Work 
J =2.0nm-l Feeney et al. (1984) 
M =I1 Feeney et al. (1984) 
rl =4.0 nm Feeney et al. (1984) 
T = 5 W s  Feeney et al. (1984) 
w,, =8.0x 10-3 Feeney et al. (1984) 

The time-dependent nucleation rate relative to the experimental 
data of Lichti et al. (1983) was simulated with the above model 
and the values of the rate constants reported in Table 1. These 
values are exactly the same as those adopted by Feeney et al. 
(1984). the only difference being c ( t ) .  This is due to some 
minor errors appearing in Eq. 23 in the original article of the 
Sydney Group. Accordingly, we set c( t )  = 1.8 x 10l6 parti- 
cleedm-' just to have the N, value as close as possible to the 
experimental data (5.1 x 10" particle-dm-'). Figure 7 reports 
the normalized g( t) source function calculated through the 
above methodology and the parameters of Table 1. The nor- 
malized experimental PSD is also shown as well as the two 
theoretical PSDs arising from the zero-one and the GF ap- 
proaches. Contrary to what reported by Feeney et al. (1984), 
we were not able to fit the experimental data either with the 
zero-one or the GF model. According to the zero-one ap- 
proximation, n, ( v , t )  contains single integrals only (see Ap- 
pendix A). Conversely, the equations derived for the same 
model by the Sydney Group (Feeney et al., 1984) are quite 
cumbersome and contain also double convolution integrals. 
They were obtained specifying g ( t )  as a triangular function 
equivalent to Eq. 22 and applying Laplace transform to the 

Volume (10 nm3) 
Figure 7. Theoretical vs. experimental early-time PSDs 

of styrene polymerization: formation rate of 
latex particles from coagulative nucleation. 

AIChE Journal July 1993 Vol. 39, No. 7 1217 



system of Eqs. 3a and 3b. We suspect that once the system of 
the two partial differential difference equations was reduced 
to a system of ordinary differential equations by Laplace trans- 
form, either the solution of this system or, most probably, the 
integral inversion of the solution itself was not properly per- 
formed. 

The experimental data of Lichti et al. (1983) are quite nicely 
fitted assuming a prevailing decreasing rate of formation of 
mature latex particles (Figure 8). To this end, we adopted as 
the source term the triangular Eq. 22 setting a = 0.05. For the 
simulation we assumed p = 8 . 0 ~  s-’. This value is con- 
sistent either with the analysis of the time evolution of PSDs 
in the SE Interval I1 (Giannetti, 1990) or with recent theories 
of radical entry (Maxwell et al., 1991). The growth rate con- 
stant K was left unchanged ( K = 2 2 0  nm3,s-l). As a conse- 
quence, the exit rate constant of free radicals is admittedly 
much higher ( k =  3 . 4 ~  10-2s-1) than in the former article by 
the Sydney Group, owing to the small size of the latex particles 
in Interval I .  In Figure 8, the theoretical results from both the 
GF and the zero-one models are plotted in the usual way against 
experimental data. No attempt was made to fit them by regres- 
sion analysis; rather, the values of the involved rate constants 
as well as the shape of the g( t )  source term were chosen just 
to reproduce the early-time PSD of styrene latex. Nevertheless, 
it is worth noting that these values consistently result in a low 
average number of radicals per particle (7i, = 0.16) as expected 
for SE Interval I of emulsion polymerization of styrene mon- 
omer. 

The main conclusion which might be drawn from our anal- 
ysis is that, at least for styrene emulsion polymerization with 
surfactant concentrations well above CMC, early-time PSDs, 
when properly analyzed, are in agreement with the formation 
rate of latex particles being monotonically decreasing (rather 
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Figure 8. Theoretical vs. experimental earlytime PSDs 
of styrene polymerization. 
It assumes decreasing formation rate of latex particles. 

than increasing) for much of the nucleation time. Recently, 
some new experimental data on styrene polymerization became 
available supporting the hypothesis that, above CMC, micellar 
entry can significantly contribute to particle formation mech- 
anism (Pearson et al., 1991). Basically, these results agree with 
the interpretation of the PSD data given here. 

Extended Coagulative Nucleation Scheme 
The experimental data of Lichti et al. (1983) can be better 

interpreted in terms of an extended coagulative nucleation 
(ECN) scheme. This model incorporates features either from 
micellar and homogeneous nucleation or from CN theory. In 
this approach, two primary precursor populations are consid- 
ered: i) particles formed by homogeneous nucleation and ii) 
precursors formed by micellar entry. One of the main differ- 
ences between these two populations is the monomer concen- 
tration that follows semiempirical equilibrium laws for particles 
nucleated homogeneously, while it is assumed equal to styrene 
solubility into surfactant micelles for precursors arising from 
micellar entry. Another significant difference should be the 
surfactant associated with these two types of particles. Those 
formed from micelles would have a significantly higher amount 
of surfactant. However, as discussed in the next section, there 
is still a substantial uncertainty on how exactly to model the 
surfactant distribution between water and unstable precursors. 
Accordingly, even though not fully respecting the physical 
behavior of these highly dynamic systems, hereafter we will 
make use only of equilibrium adsorption isotherms when de- 
scribing the distribution of amphipathic molecules between 
water and the polymer surface. 

The kinetic model for ECN is as follows. Note that we have 
neglected reactions in the polymer phase since, as far as nu- 
cleation is concerned, mechanistically significant reactions oc- 
cur mainly in the water phase. Strictly speaking this is not true 
since exited free radicals should be included into the entry rate 
coefficient through the associated “fate parameter” (Gilbert 
and Napper, 1983). This simplification becomes reasonable 
when the initiator concentration is relatively high: in any case 
it does not invalidate the basic conclusions of this section. If 
needed, however, allowance can be easily made also for exited 
radicals by explicitly introducing the fate parameter (Richards 
et al., 1989): 

Decomposition 

Propagation in 

Termination in k,, Inert 

Micellar 
entry: 

formation: 

into particles 

k = 2 ,  . . . . . . , M -  1 

of initiator: I- kd > 21’ 

aqueous phase: 

aqueous phase: 

M , + M -  kpw > MI+, 

> Products M,+ T’ - 

kme > YIm M,+MC--- 

> Yl  
Homogeneous precursor 

M , C P  I + M - kpw 

> Entry M, + Particle - Entry of radicals ke 

Bl I Y ,+y,----> Yk 
Coagulative nucleation: 
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The rates of reactions which enter the material balance are 
calculated using Eqs. 27-31, according to the above mecha- 
nism: 

[ T ' ]  represents the total radical concentration in the water 
phase, [MC] is the molar concentration of surfactant micelles, 
and [MI, is monomer concentration in the water phase. In Eq. 
31, the termination rate contains factor 2 in agreement with 
the IUPAC notation for bimolecular termination between like 
species. The following steady-state radical balance was used 
to calculate [T'],: 

2Ri, = R,, + Re, + R,  (32) 

If the expressions for each specific rate are substituted into 
Eq. 32, the aqueous-phase radical concentration can be cal- 
culated by solving a simple quadratic equation: 

(33a) 
- A +  (Az + 16 kdk,w[I])1'2 

4krw [To],= 

(33b) Nc 
NA 

h= k, -+ k,,,,[MC] 

The entry rate coefficient was calculated according to the ap- 
proach of Richards et al. (1989). 

(34) 
1 1  1 
ke- kem"+4rr:km+&B,,MNA 

In Eq. 34, kernax is a maximum limiting value of the rate coef- 
ficient, k,  is surface mass-transfer coefficient, and (flaI,MNA ) 
is a term representing bulk diffusion/electrostatic attraction/ 
repulsion of an oligomer with a latex particle of radius r,. The 
rate coefficient for free radical capture by micelles, k,,, can 
be estimated assuming a diffusion model as proposed by Han- 
sen and Ugelstad (1978): 

k,, = 4 r r p W  NA (35) 

Here r, is the average radius of a micelle, and D, is the dif- 
fusion coefficient of free radicals in the aqueous phase. The 
micelle concentration is related to the overall emulsifier con- 
centration [S,] through the following relationship: 

[S,] - Sp - CMC [MC] = 
54s 

S, represents the amount of surfactant per unit volume ad- 
sorbed onto the polymer surface, CMC is the critical micellar 

concentration, and iik is the mean aggregation number of a 
micelle. 

The formation rate of homogeneous primary precursors, 
Ch(t) was derived following the well-known HUTF theory 
(Hansen and Hugelstad, 1978): 

RPW 
Rpw + Rew + Rmw + Riw 

"pw = 

In Eq. 36a, j,, represents the critical chain length for homo- 
geneous nucleation, and aPw is the probability of propagation 
of a radical species in the water phase. Finally, the variation 
rate of the density of the k-fold precursors, Yk, is given by the 
following set of ordinary differential equations that account 
for the birth and death by coagulation as well for growth by 
propagation (Richards et al., 1989). 

Micellar Primary Precursors: 

Homogeneous Primary Precursors: 

k-Fold Precursors: 

Mature Latex Particles: 

In Eqs. 38-41, the subscripts l m  and 1 refer to micellar and 
homogeneous primary precursors, respectively. Gk is given as: 

where Ti is the average number of free radicals per precursor 
particle, kp is the propagation rate coefficient, CUk is the mon- 
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omer concentration inside a k-fold precursor, M, is the mo- 
lecular weight of the monomer, and V, is the volume of a 
newly formed precursor particle. According to Richards et al. 
(1989), CMk is given by: 

(43) 

The hyperbolic tangent term accounts for the variation of 
monomer concentration inside precursor particles with radius 
rk= k”’rl. In Eq. 43, CM is the large-radius-limiting saturated 
monomer concentration, and rFH is a “Flory-Huggins radius” 
(Feeney et al., 1987a). For micellar primary precursors, CMlm, 
rather than through Eq. 43, is found from the micellar di- 
mension and the monomer solubility within the micelle itself. 

The coagulation rate coefficients Bi. are calculated through 
Eq. 25 using the Fuchs formulation coupled to DLVO theory 
as reported by Richards et al. (1989). Strictly speaking, the 
population balance equations (Eqs. 38-40), describing the time 
evolution of precursor particles, are coupled to the developing 
PSD of mature latex particles through the coagulation kernel 
Bi,+,. In our approach, rather than using the full PSD, the size 
of mature latex particles was calculated by Eq. 16b. Further- 
more, the contribution of the surfactant formed in situ by 
water-phase termination is neglected in this particular case, 
where ECN is applied for the simulation of an emulsion po- 
lymerization with surfactant concentration well above CMC. 

At this juncture, it is worth noting that the distribution of 
the surfactant between the polymer surface and the water phase 
is calculated by the Langmuir adsorption isotherm either for 
aj-fold precursor or for a mature latex particle. 

A ,  
a,( 1 + 6,- “S,] - I ) 

N, = (44) 

Here N, is the total number of surface sites occupied by surface- 
active species, A ,  is the total area of precursors plus latex 
particles, [S,] is the concentration of the surface active species 
in the water phase, a, is the area occupied by a surfactant 
molecule adsorbed onto the polymer surface, and b, is a con- 
stant depending on the surfactant and the surface. [S,] can be 
calculated by mass balance and Eq. 44 from the total amount 
of surfactant per unit volume of water phase, [S,] (Feeney et 
al., 1987a), while the total area of precursors plus latex is given 
by: 

M- 1 

A,  = 47rr;Yi + 47rrlm2 Y , ,  + 4ur,2Nc (45) 
, = I  

where rp is calculated by Eq. 16b. 
The formation rate of micellar precursors, R,,, requires the 

knowledge of both the dimension and the aggregation number 
of the micelles under reaction conditions. As is well known, 
the shape, the CMC, and the aggregation number of anionic 
surfactants are influenced strongly by the presence of added 
electrolytes in the solution as well as of a second liquid phase. 
Fortunately, the data of Lichti et al. (1983) refer to an emulsion 
polymerization in the presence of SDS surfactant. This micelle 
forming substance is one of the most thoroughly investigated 
in the scientific literature so that a large number of CMC data 
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Figure 9. Activity of SDS at CMC vs. activity of the over. 

all concentration of cationic species in the 
aqueous solution. 

are available between 20 and 50°C. Within this temperature 
interval, CMC does not vary very much in pure water. Ac- 
cording to a simple micellar equilibrium theory (Hiemenz, 
1986), for a 1:l anionic surfactant a double logarithmic plot 
of the activity of the amphipathic moiety, aCMC, vs. the activity 
of the overall concentration of cationic species at equilibrium, 
( I ~ ~ ~ + ~ ,  should result in a straight line of slope (1 - a), where 
Q is an “average fraction of ionization.” Figure 9 shows a 
plot for SDS. Experimental data were taken from literature 
and cover a wide range of ionic strength. The activity coef- 
ficients of the ionic species were calculated by the Davies equa- 
tion: 

1112 

- log y = A z ,  (- 1 + I’/* - 

A = 1.825 x 1O6(~,t,T,) -’I2 (46b) 

where totr is the permittivity of the medium and I the ionic 
strength defined as: 

1 
I = -  c zi2cj 

2 i  
(47) 

In Eq. 47, zi is the valence number on the ith species whose 
concentration is C,. A nice correlation was found with Q = 0.27 
in good agreement with the suggested average fraction of ion- 
ization cy = 0.25 of anionic surfactants (Hiemnez, 1986). Dif- 
ferent techniques are used for the determination of the micellar 
aggregation number, TiAgg. As a general rule, the addition of 
neutral electrolytes to solutions of ionic surfactants in aqueous 
solutions causes an increase in the aggregation number. Again, 
in Figure 10, we report a double logarithmic plot of TiAgg vs. 
the activity of the overall cationic species present at equilib- 
rium. 

Normally, water insoluble compounds, like styrene mon- 
omer, may be solubilized in the micelle. This phenomenon 
causes an increase in the aggregation number until the solu- 
bilization limit is reached. A reasonable estimate of the sol- 
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Figure 10. Average micellar aggregation number of SDS 
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2.0 

1.5 .  

ubility of the styrene monomer in SDS micelles can be found 
in the work of Almgren et al. (1979). According to the proposed 
model, the mean number of solubilized A molecules per mi- 
celle, x,, is given by: 

I I  

0 

Determined in the a0 /- 
' /  

where [A] ,  is the water concentration of solubilized molecules 
at equilibrium with micelles. Kcq has been determined for a 
large number of aromatic compounds and a good correlation 
was found between this equilibrium constant and the normal 
boiling temperature of the solubilized molecule. Finally, the 
increase of the micellar aggregation number, ATiAggr resulting 
from the addition of x, molecules to micelles with aggregation 
number TiAgg, is easily evaluated by equating the micelle area 
per head group before and after addition (Almgren, 1991): 

e0 

(49) 

prsssnce o j  

where V, and V, are the hydrophobic volumes of the surfactant 
tail and the additive A, respectively. From all the above re- 
ported correlations and equations, it is now possible to find 
either micelle concentration or micellar radius under reaction 
conditions and, consequently, Re,. Furthermore, under the 
assumption of volume additivity, the monomer micellar con- 
centration can be easily calculated. Such a concentration is 
experienced by free radicals entering aqueous micelles to form 
a micellar primary precursor. Consequently, C,,, is set equal 
to the monomer concentration within micelles at equilibrium. 

The final aspect explicitly incorporated in ECN theory is the 
the interaction between the surfactant (SDS) and the initiator 
(KPS). Recently, Okubo and Mori (1990, 1991) reported some 
evidences according to which SDS affects the rate of KPS 
decomposition. It was demonstrated that only free SDS mol- 
ecules dispersed in the water phase have the ability to accelerate 
KPS decomposition, while surfactant molecules adsorbed onto 
the polymer particles are ineffective. The data of Okubo and 
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Figure 11. Influence of concentration in the aqueous 
phase of free SDS molecules on the decom- 
position rate constant of dissolved KPS. 

Mori are redrawn in Figure 1 1 .  The following simple rela- 
tionship is found: 

In Eq. 50, k: is the decomposition rate constant in the absence 
of added surfactant molecules. Ri, becomes thus coupled to 
the SDS mass balance. 

The preceding system of population and mass balance equa- 
tions constitutes the core of the ECN theory and form a stiff 
set of nonlinear algebraic and differential equations. Appro- 
priate algorithms were used for the numerical integration. In 
the following, all the simulations were made using 10 bytes 
floating-point variables according to IEEE 754 standard. Pa- 
rameters needed for the computations were obtained from the 
literature: values and related references are given in Table 2. 

The data of Lichti et al. (1983) refer to a styrene polymer- 
ization at 50°C with [ I ]  = 1.52 x lo-' mol-dm-' KPS and 
[S,] =2.66x lo-* m ~ l - d m - ~  SDS. The first determination of 
PSD was after 10 min of effective reaction time. Other deter- 
minations were after IS, 20 and 25 min, respectively. To fit 
the PSD data of the first latex sampling (10 min), the rate 
constants p and 0 were initially determined from the first two 
cumulants of the distribution using Eq. 5 .  In the ECN scheme, 
these two rate constants are needed for estimating the average 
growth rate iiK that enters the precursor population balance 
equations through the coupling of the Bi,,., coagulation kernels 
to the PSD of mature latex particles. With this first estimate, 
the source term g ( t )  is then generated and the experimental 
PSD fitted by nonlinear least-square (NLLS) regression of the 
p and 0 rate constants. The overall procedure is then repeated 
until convergence, which is achieved generally after two or at 
least three iterations. 
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Table 2. Parameters for ECN Simulations 

Symbol Value Reference 

Parameters for Styrene at 50°C 

=5.1  mol.dm-' Lichti et al. (1983) 
=924 g.drn-' Patnode and Scheiber (1939) 
= 1,084 g.dm-' Patnode and Scheiber (1939) 
=2.86x 10'' dm*.s-' Hansen and Ugelstad (1978) 
= 258 dm' .mol-l. s - I Gilbert and Napper (1982) 
= 258 dm' . mol- I . s- I Maxwell et al. (1991) 
=3.7x lo9 dm'.mol-'.s-' Maxwell et al. (1991) 
=4.3x lo-' mol.dm-' Lane (1946) 
=197 A' This Work 

Parameters for KPS 

kd" = 1.ox s-1 Behrmans and Edwards (1980) 

Parameters for SDS at 50°C 

a, =43 A2.molecule-l Ahmed et al. (1980) 
b, =2,400 dm'.mo\-l Ahmed et al. (1980) 
CMlm = 1.66 mol.dm- This Work 
CMC =4.4x lo-' mol.dm-' This Work 
Keq = 1.68 x lo4 mol-' This Work 
nAU =162 This Work 
r,,, =2.58 nm This Work 
V, =385 A' Almgren and Swarup (1982) 

Parameters for Micellar and Coagulative Nucleation 

H = 6.5 x J Ottewill (1982) 
= 4  Maxwell et al. (1991) 

;$ =2.Ox lo8 dm'.mol-'.s-' Richards et al. (1989) 
k,,, = 10. x m-s- '  Richards et al. (1989) 
M =21 Richards et al. (1989) 
r , ,  = 15 nm Feeney et al. (1987a) 
rl = 1 nm Richards et al. (1989) 
0, = I  Richards et al. (1989) 
6 =1.41 A Feeney et al. (1987a) 
€0 = 8 . 8 5 ~ 1 0 - ' ~  C2.J-'.m-' Perry (1984) 
6, =69.9 Perry (1984) 
ll =3.0x kg.m-'.s-' Perry (1984) 
w = 1  Richards et al. (1989) 

- 

Figure 12 shows a plot of the time dependence of both dNc/ 
dt and Nc( t )  computed by numerical solution of Eqs. 38-41. 
The experimental final particle number (5.1 x 10'' particle 
dm-') is reproduced to within 30%. Noticeably, ECN gives 
nucleation rates considerably faster than those calculated ne- 
glecting micellar entry. Nucleation of new latex particles is 
completed within 70-80 s, while the SE formula gives an es- 
timate of Tof about 500 s. Figure 13 shows the number density 
of both micellar and homogeneous primary precursors. The 
sudden decrease in the number of micellar precursors coincides 
with the disappearance of micellar soap. At the same time, the 
formation rate of homogeneous primary precursors increases 
sharply up to a nearly constant value. The maximum number 
of homogeneous precursors, however, is always two orders of 
magnitude lower than that of micellar precursors in the pres- 
ence of micellar soap. Figure 14 shows the PSD at t = 600 s 
computed by ECN theory (dotted line) with p and p rate con- 
stants chosen to best fit experimental data (full line). Although 
some distortions are present, the fitting looks quite satisfactory 
in view of all the approximations which have been made. 

Through the NLLS fitting methodology outlined above, the 
values of the rate constants averaged over Interval I were 
p = 7.3 x lo-' s-I and p=2.45 X nm-'. These numbers 
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of latex particles of styrene emulsion poly. 
merization according to ECN theory. 

give an average growth rateEK= 29.8 nm3.s-I. It is interesting 
to compare the rate parameters of Interval I with those ob- 
tained in Interval I1 from the experimental PSDs at 15,20 and 
25 min, respectively. It must be recalled, however, that the 
procedure is intrinsically affected by a severe error propaga- 
tion. Actually, once the experimental diameter PSD (by elec- 
tron microscopy) is converted to volume PSD, inevitably a 
considerable amplification of the involved errors occurs. For 
example, according to the GF theory (Giannetti, 1990) 
TiK = Akl/At and p = 2/At ( Ak12/Ak2). If  the accuracy of the 
electron microscopy experiment is E, EK and p could be de- 
termined with a precision of 3~ and 126, respectively. For the 
experiment of Lichti et al. (1983), 6 was &3%. 

Figure 15 shows the values of p and TiK averaged over two 
consecutive latex samplings, as a function of time. For Interval 
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Figure 13. Number density of micellar and homogene- 
ous primary precursors during styrene emul- 
sion polymerization according to ECN theory. 
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early-time PSDs of styrene polymerization. 

11, we adopted the methodology reported in our previous work 
(Giannetti,l990). In this case, however, to achieve a higher 
precision (as well as correcting some minor misprints in the 
previous reference), rather than approximating the initial PSD 
with a r ( v )  distribution, we used the full experimental PSD 
data. Within experimental errors, the entry rate constant does 
not vary with conversion as predicted by recent theories on 
radical entry mechanisms (Maxwell et al., 1991). On the con- 
trary, the average growth rate is definitely much lower in In- 
terval I than in Interval 11. This observation is consistent with 
the more rapid exit during the nucleation stage of monomeric 
free radicals arising from transfer to monomer. 

Certainly, the most relevant feature of the ECN model is 
the prediction of nucleation times much shorter than expected 
either by the SE or the CN theory. Since all the mechanistic 
information of early-time PSDs is convoluted with this dis- 
tribution according to Eq. 13, a problem arises as to whether 
this set of experimental data is sensitive enough to any me- 
chanistic fine detail. Actually, immediately after the cessation 
of nucleation, the content of information embedded into PSDs 
weakens very quickly owing to the stochastic broadening aris- 
ing from particle growth by conversion of monomer to pol- 
ymer. The data of Lichti et al. (1983) at t=600 s might thus 
be fitted either with a prevailing increasing or prevailing de- 
creasing nucleation rate with p and 0 parameters being within 
a physically reasonable range of values. Apparently, only the 
measurements of PSDs at very early reaction times could sig- 
nificantly elucidate the mechanism@) of particle formation. 
This, however, poses a number of experimental difficulties 
involved in the determination of very small particles by special 
techniques such as neutron scattering (Feeney et al., 1988). 

Limitations and Future Developments 
Basically, the ECN scheme should be considered a straight- 

forward extension of previous models like the HUTF and the 
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Figure 15. Averaged values of rate parameters of sty- 
rene emulsion polymerization from PSD data 
analysis according to the OF model. 

CN theory. In all these approaches, the fate of the precursor 
particles is detailed in terms of their relative stabilities ac- 
cording to theories of colloidal science. This approach certainly 
has the advantage of a more solid theoretical footing than the 
original nucleation scheme of Harkins and Smith-Ewart. How- 
ever, little attention has been paid to possible limitations of 
this theoretical body in the description of the behavior of very 
small and unstable particles under highly dynamic conditions. 
This applies especially to the surfactant whose role is often 
more complex than simply determining the overall number of 
latex particles. Specifically, the adsorption of the surfactant 
on the particle surface influences the coagulation rate coef- 
ficients between precursor particles. Adsorption isotherms are 
used to determine the surfactant concentration on the polymer. 
This value, however, refers to equilibrium conditions and does 
not properly take into account the dynamic nature of both the 
adsorption process and the coagulation between unstable pre- 
cursors. Accordingly, when modeling the aggregation process 
during the nucleation stage, a problem of general nature con- 
cerns the surfactant distribution as well as the micellar soap 
balance. The surface coverage factor 0, can be easily found 
by rearranging the Langmuir isotherm (Eq. 44) 

k ' P W 1  0, = 
1 + k * [ S w ]  

where k* = KsUrf/w. Here w is the molar concentration of water 
(55 mol- L- ') and KSurf describes the adsorption equilibrium 
between water soap, S, and a latex particle, P: 
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For SDS, at 50”C, KSurf= 1 . 3 2 ~  10’. The desorption rate of 
ionic surfactants from polymer surfaces is known as an ex- 
tremely slow process; for example, k- of SDS from nylon is 
3.7 s-’ (Lang and Zana, 1987). Accordingly, the adsorption 
rate of SDS onto polystyrene particles should be higher than 
the desorption rate by at least three orders of magnitude. This 
value agrees with the common experience in polymer latex 
technology, where surfactant adsorption is known as a very 
fast and energetically favorable phenomenon. In turn, the life- 
time of the aggregation process of the precursor particles is: 

To the first approximation, the number concentration of 
particles could be set at the same level as the generation rate 
of free radicals. Numerically, under the reaction conditions 
adopted in the previous section for styrene polymerization, the 
lifetime of aggregation for most of the j-flock precursors is 
not negligible with respect to the overall nucleation time. 

When this last consideration is coupled with the surfactant 
adsorption rate (that, at least within the time-frame of the 
nucleation stage, should be considered as an irreversible proc- 
ess), it turns out that the surface coverage of the precursor 
particles cannot be evaluated from a simple equilibrium iso- 
therm. Rather, to properly account for the fate of the adsorbed 
surfactant and, by implication, for the colloidal stability of 
the precursor particles, it is necessary to know not only the 
number density of each j-fold precursor, but also its time-age 
history. This makes the mathematical modeling much more 
complex and, for the time being, not amenable to practical 
solutions. 

A further critical issue in any coagulative nucleation scheme 
is the specification of the Bi,j rate coefficients according to the 
Fuchs formulation. To this end, the stability ratio Wij is given 
as : 

where Em is the height of the potential barrier between two 
colliding particles, and K is reciprocal of the thickness of the 
double layer. The total potential energy between unequal 
spherical particles is obtained from the Poisson-Boltzman (PB) 
equation with specifically imposed boundary conditions. An- 
alytic solutions are available only with a number of approxi- 
mations. For the case where particles have very different radii 
and very different surface potentials, all these approximations 
become inaccurate. Feeney et al. (1987a) obviated this limi- 
tation by introducing more precise solutions of the PB equation 
according to the Barouch-Matijevic (BM) (Barouch et al., 1985) 
theory. As a result, the coagulation between primary precursors 
and mature latex particles is much faster owing to an energy 
barrier lower than predicted by earlier approaches. The BM 
theory, however, is not universally accepted, and Overbeek 
(1988) has cast serious doubts on the validity of the solutions 
of the PB equation worked out by these authors. 

While the overall potential energy between polymer particles 
certainly plays a key role in determining either the coagulation 
rate of primary particles or, as a result, the nucleation time, 

in our opinion, at this level of sophistication, much more 
attention should be drawn to the Hamaker constant that ac- 
counts for the van der Waals interactions in the attractive 
energy term. For polymer colloids this value can be obtained 
experimentally from the slope of the stability curve and the 
critical coagulation concentration (CCC) according to the 
Reerink-Overbeek (1954) equation. Tsaur and Fitch (1987) re- 
viewed this methodology and found that for polystyrene latices 
the Hamaker “constant” increases regularly with increasing 
the surface charge density. This should not be surprising since 
the Reerink-Overbeek equation derived from approximate so- 
lutions for the PB equation. Accordingly, the Hamaker con- 
stant should be considered more likely as an adjustable 
parameter. It becomes then immaterial whether approximate 
or exact solutions of the PB equation are adopted for the 
evaluation of the height of the potential energy barrier Em. 
Actually, the agreement between theory and experiment could 
always be found by slightly adjusting the Hamaker “con- 
stant.’’ In this connection, for polystyrene latices the experi- 
mental values reported in the scientific literature span over 
more than one order of magnitude. According to the ECN 
scheme, this range of variation, while affecting only slightly 
the nucleation time T, has a profound effect on N,. 

The foregoing discussion strives to pinpoint how the simple 
extension of the behavior of model colloids according to the 
DLVO theory to very small, unstable latex particles typical of 
the nucleation stage, seems inadequate and open to a certain 
degree of arbitrariness. 

Conclusions 
A model that fully accounts for the time evolution of PSDs 

in the SE Interval I has been discussed, as well as the idea of 
extending to it the existing theories for the SE-Interval 11. The 
approach is always based on a simple physical description of 
the underlying phenomena. The mathematical modeling fol- 
lows then quite naturally this simple analysis. Two models 
taken into account are the well-known zero-one approach and 
the GF model. It has been shown that the zero-one model 
should be rejected for the PSD analysis, since it provides phys- 
ically unreliable answers. This depends mainly on neglecting 
latex particles having more than one growing radical. 

On the other hand, in the GF approach analytic solutions 
for the n, ( u , t )  distribution are immediately available as time 
convolution integrals between the normalized formation rate 
of new latex particles and n,, ( v , t ) .  Owing to its mathematical 
formulation, the GF model provides analytic expressions also 
for the time evolution of the skewness of the PSD (as well as 
of any other cumulant). On this ground, it is possible to dem- 
onstrate that negatively skewed distributions are observed only 
with a monotonically decreasing nucleation rate. Simple al- 
gebraic relationships are derived for the skewness of the PSD 
at the end of the nucleation time T. This particular combination 
of moments depends on p T  only. However, for nucleation 
rates typical of micellar entry, negatively skewed PSDs are not 
possible from any practical standpoint. 

This theoretical prediction is further confirmed when the 
experimental data from a presulfate-initiated styrene poly- 
merization are interpreted on the grounds of the CN theory 
(Feeney et al., 1984): no agreement is found between theory 
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and experiment. On the other hand, an acceptable fitting is 
obtained assuming a uniform decreasing formation rate of 
latex particles peculiar to micellar entry. Rather than suggesting 
evidences against a multistep nucleation scheme like CN, which 
inter alia is probably operative at  surfactant concentrations 
below CMC, we strived t o  interpret the experimental data that 
combine, in an extended nucleation approach, the most rele- 
vant features of micellar, homogeneous and CN theories. The 
most interesting result is that the nucleation time T is much 
shorter than that predicted by previously reported models. As 
a result, most of the mechanistic information convoluted with 
the PSD is lost due to  the stochastic broadening arising from 
particle growth processes. 

Notation 
a, = 
A =  
A, = 

B. = 
b, = 

C*(t) = c. = 
c ( v ,  r )  = 

CMC = 

d =  

dp = 
D,  = 
Em = 

IF,( 1 = 
g( t )  = 

IJ 

c =  

CMk = 

dM = 

Gk = 

H =  
I =  

J =  

k =  
K =  

K(v ,  t) = 
k, = 
k- = 
k’ = 
kB = 
kd = 
k, = 

kernax = 
Keq = 

k, = 
k,,, = 
kme = 
kp = 

Ksur, = 
k,, = 
6 : =  
M =  

M,  = 
MC = 

n =  
NA = 

N, = 

N, = 
N, = 
ns = 

n ( v ,  t) = 

I”( ? = 

jcr = 

- 
- 
nAgg = 

n, = 

- 

area per molecule in Langmuir isotherm 
( k + sK)  , solubilized molecule into micelles 
total polymer area 
Muller coagulation coefficient 
Langmuir isotherm constant 
pseudo-first order rate constant for mutual annihilation 
homogeneous nucleation rate 
concentration of solubilized ionic species 
source term vector (Eq. 1) 
critical micellar concentration 
monomer concentration in a k-fold precursor 
intermediate variable, (p + q )  
monomer density 
polymer density 
diffusivity of radicals in aqueous phase 
height of the potential energy barrier 
confluent hypergeometric function 
normalized rate of formation of latex particles 
formation rate of a k-fold precursor by monomer con- 
version 
Hamaker constant 
initiator, ionic strength 
modified Bessel function of order n 
inverse interparticle coefficient in the CN theory 
critical chain length 
radical exit rate per particle 
volumetric growth rate 
volume growth rate matrix (Eq. 1) 
polymer/surfactant adsorption rate constant 
polymer/surfactant desorption rate constant 
( 2 ~  + k) 3 K s d w  
Boltzmann constant 
initiator decomposition rate constant 
rate constant for radical entry into particles 
maximum entry rate constant (Eq. 34) 
micelles/aqueous phase equilibrium constant of A mol- 
ecules 
ith cumulant of the PSD 
surface mass transfer coefficient 
rate constant for micellar radical entry 
propagation rate constant 
k + /k- 
termination rate constant in aqueous phase 
Laplace transform 
critical degree of coagulation, monomer 
monomer molecular weight 
surfactant micelle 
average number of radicals per particle 
Avogadro’s number 
micellar average aggregation number 
number concentration of latex particles 
number concentration of particles of size u and i radicals 
number fraction of particles containing i radicals 
particle surface sites occupied by a surfactant molecule 
average number of radicals per particle at stationary state 
normalized volume PSD 

n”(v)  = 
4 =  
r. = 
R =  

~ F H  = 
r,,, = 

S =  

t =  
T =  

[T’] = 
T( ) = 

T, = 
U( ) = 
0, v = 
v, = 
v, = 
v, = w. . = 

x, = 
y. = 
z =  

s =  

s, = 

1, J 
x =  

normalized volume PSD of newly formed precursors 
intermediate variable, (p + k) 
radius of the ith precursor 
reaction rate 
Flory-Huggins radius 
micellar radius 
Laplace variable 
surfactant 
surfactant adsorbed onto polymer particles 
time 
nucleation time 
overall radical concentration 
top hat function 
temperature of the emulsion 
unit step function 
volume 
hydrophobic volume of molecule A 
volume of primary precursor 
surfactant hydrophobic volume 
Fuchs stability ratio 
dummy variable 
average number of A molecules solubilized into micelles 
number concentration of i-fold precursors 
t/T, ionic valence 

Greek letters 
f f =  

f f p w  = 
P =  
A = 
Y =  r o  = 
6 =  

6 0  = 
€ =  

E, = 
E, = 
1 ) =  
0, = 

A =  
p.  = 

P =  

K =  

v =  

7 =  

= 
8 =  
w =  

o =  

average fraction of micellar ionization, movable point 
propagation probability in aqueous phase 
k/K 
coagulative entry switch 
activity coefficient 
gamma distribution function 
Stern layer thickness 
Dirac function 
error 
permittivity of the vacuum 
dielectric constant 
water viscosity 
fractional surface coverage by adsorbed surfactant 
inverse electric double-layer thickness 
intermediate variable 
ith moment of the PSD 
index 
radical entry rate per particle 
intermediate time 
characteristic time of precursor coagulation 
generating function 
fraction of charged end groups on particle surface, molar 
water concentration 
kinetic coupling matrix (Eq. 1) 

Subscripts 
i, j, k = working indices 

lm = micellar primary precursor 
w = aqueous phase 
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Appendix A 
By taking the Laplace transform with respect to time of Eqs. 

2a and 2b we have: 

where s is the Laplace variable conjugate to t ,  C, and CI are 
the Laplace transforms of n,(v,t)  and n , ( v , t ) ,  and G ( u ) ,  
H( v )  are the PSDs at t = 0 of particles having 0 and 1 radical, 
respectively. Summing up Eqs. la and 2a, it is possible to find 
a general expression for the Laplace transform of the n( u,t) 
distribution: 

where d = p + q .  The G ( v )  and H ( u )  distributions are not 
known unless in the very special case of n(v,O) = 6 ( u ) .  In 
this case, we have G ( v ) = G 6 ( u )  and H ( v ) = H 6 ( v )  where 
G = q/ (2p + k )  and H = p/(2p + k). Analytic expressions for 
n( v , t )  are available through Laplace inversion of Eqs. 3a and 
4a. For the simple case of a centered 6( v )  Dirac function we 
obtain: 

n ( u , t ) = G e x p ( - p t ) 6 ( v ) + - H e x p  K ( - i u ) 6 ( t - v / K )  - 
+' exp(+-pt) ([ H ( e )  0.5 

K Kt-V 

+ pqG (-) K t - v  ''1 II [ 2 ($!) 03. (K t  - 
Pqv 

U ( x )  represents the Heaviside unit step function. Equation 5a 
corrects a number of misprints which appeared in the original 
article by Lichti et al. (1981). 

Appendix B 
Under the assumptions of Eq. 6, in Interval I the ith SE 

Eq. 1 can be written as: 

-- ani ( v , t )  -p[ni - ,  -nil + k [  ( i +  l)ni+ I -ini] 
at 

+ c[ ( i  + 2) ( i +  l)ni+z - i (  i - l)ni] 

ani 
a0 

- i K - + g ( t ) n , " ( v )  (lb) 

Now, taking first the Laplace transform with respect to time 
t and introducing then the generating function for the C i  (s , t )  
transform of n, (u , t )  (Giannetti, 1990), we have the following 
partial differential equation: 

a* a* a** 
at ax ax 
- = p ( X - l ) * + [ k - A ~ ]  - + C ( l - X 2 )  T + g ( t ) * ' "  (2b) 

where *(x ,s , t )  =ESi ( s , t )x i  
During SE Interval I we deal mostly with systems having a low 
number of radicals so that we can set c= 0 replacing the exit 
rate constant by (2p + k ) .  Equation 2b reduces then to: 

a* a* 
- = p ( x -  l)*+ ( k - A x )  -+g(t)*'" (3b) at ax 

In Eq. 3b W'(x,s) represents the generating function for the 
Laplace transforms of the PSDs of newly generated particles 
with i growing radicals. Since these particles are assumed at 
equilibrium with respect to their radical state occupancy, it 
follows that (Giannetti, 1990): 

W ( x , s )  = C'(s)exp[p/A ( x -  l ) ]  (4b) 

A general solution of Eq. 3b is Eq. 1 1 ,  as can be easily proven 
by direct substitution, making then use of Leibnitz's rule of 
derivation under integration. 
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